Tonpilz acoustic transducers for use underwater often include a stack of piezoelectric material pieces polarized along the length of the stack and having alternating polarity. The pieces are interspersed with electrodes, bonded together, and electrically connected in parallel. The stack is normally much shorter than a quarter wavelength at the fundamental resonance frequency so that the mechanical behavior of the transducer is not affected by the segmentation. When the transducer bandwidth is less than a half octave, as has conventionally been the case, for example, with lead zirconate titanate (PZT) material, stack segmentation has no significant effect on the mechanical behavior of the device in its normal operating band near the fundamental resonance. However, when a high coupling coefficient material such as lead magnesium niobate-lead titanate (PMN-PT) is used to achieve a wider bandwidth with the tonpilz, the performance difference between a segmented stack and a similar piezoelectric section with electrodes only at the two ends can be significant. This paper investigates the effects of stack segmentation on the performance of wideband underwater tonpilz acoustic transducers. Included is a discussion of a particular tonpilz transducer design using single crystal piezoelectric material with high coupling coefficient compared with a similar design using more traditional PZT ceramics.
I. INTRODUCTION
This paper describes a feature in the performance of a tonpilz piezoelectric transducer that is unexpected in terms of the explanation that is conventionally given in transducer texts for the design and operation of such a device. The only significant difference in the design of the transducer to cause this unexpected behavior is that a single crystal piezoelectric material with high electromechanical coupling coefficient k is used in its piezoelectric stack. A high coupling material (k > 0:85) used in a segmented stack is seen to affect the higher modes of vibration in the transducer in a way that is characteristically different than has been the case using more conventional materials such as lead zirconate titanate (PZT) (k < 0:7). These higher modes can affect the performance of the device in its primary operating band.
Transducers based on piezoelectric ring stacks were conceived by Miller 1 and have been used at least since 1958. Since then, piezoelectric sonar transducers are often constructed using a stack of axially polarized piezoelectric rings or plates. An example of such a transducer is shown in Fig. 1 . The segmentation of the piezoelectric material into rings or plates may be done to facilitate the manufacturing and polarization of the piezoelectric pieces and/or to reduce the voltage needed to achieve the electric field required for full output power. The stack is assembled by alternating the polarization directions of adjacent rings in the stack, and alternating the voltages on the electrodes between the rings. The rings are stacked mechanically in series, but wired electrically in parallel. In this way, at least for quasistatic operation, all of the piezoelectric pieces are driven to expand and contract simultaneously. Given the mass loading of the stack by the head and tail in the tonpilz, the stack is usually much shorter than a quarter wavelength at the operating frequency, and the quasistatic approximation is reasonably accurate throughout the operating band.
Prior to Miller's description of the segmented stack, Mason had introduced a method of analysis and an analog circuit for individual piezoelectric plates and tubes, initially using a lumped parameter analog circuit 2 and later allowing longitudinal plane wave motion in the piezoelectric piece. 3 Redwood 4 recognized that the mechanical domain in the Mason analog circuit could be represented as a mechanical transmission line. Figure 2 shows the Redwood implementation of the Mason analog circuit for a single piezoelectric piece. Martin was the first to analytically describe the operation of the segmented stack. He first provided an analysis of the performance of longitudinally polarized piezoelectric tubes that includes the effects of radial stress in the tube walls. 5 He then described the analysis of the ring stack as an assembly of short tubes or rings with their mechanical ports connected in cascade and their electrical ports connected in parallel. 6, 7 Aronov 8 has provided an energy-based analysis of many shapes of piezoelectric body, including a comparison of the segmented and unsegmented bar transducers. The energy method could provide an alternative analysis to that provided here. However, Aronov has not analyzed the tonpilz or any other composite transducer in which the piezoelectric section is significantly mass loaded, and the specific conclusions from the unloaded bar would be modified by the mass load.
The tonpilz transducer is generally considered to be a longitudinal vibrator, with the dominant motion along its length. In this paper, the term length will be used to mean the axial length of the tonpilz or any of its component pieces. This is consistent with the use in Refs. 9-11. The symbol L, in some cases with modifying subscripts, will refer to the length of an individual ring in the stack, and a length such as pL will designate the length of a stack of p identical pieces.
The conclusion of the Martin analysis 7 is that a piezoelectric stack of p identical rings, each of length L (1) has the mechanical behavior identical to that of a single tube of length pL (with slightly modified material parameters to account for the finite radial stress and strain in an otherwise purely longitudinal model), and (2) has the electrical behavior consistent with the p individual rings wired electrically in parallel.
The reference states that its analysis assumes only that the rings have identical dimensions and material properties, and that the length of each ring is much less than a half wavelength in the piezoelectric material, L ( k=2. These conclusions significantly simplify the design process for a tonpilz transducer. The projector designer can select the total stack length pL to provide sufficient dynamic displacement. The ring cross sectional area can then be selected to provide the desired stack compliance. Finally, the designer can determine the total number of rings in the stack to provide convenient ring dimensions that assure the producibility of the rings, and to obtain appropriate electrical impedance that keeps the drive voltage level required for full power operation to a moderate level. Wilson 9 and Stansfield 10 each give a textbook example of the use of this design procedure in the development of an example transducer design. The unstated assumption of both authors is that the segmentation of the piezoelectric stack does not affect the mechanical behavior of the transducer.
Despite the acceptance and utility of the numbered statements above, the Appendix of this paper shows that there is both an error and an omission in the Martin derivation that have been previously unrecognized, probably because they introduce a negligible error in the calculation when used with materials that have an electromechanical coupling coefficient less than about 0.75. That includes all of the piezoelectric materials that were available to Martin, Wilson, and Stansfield at the time of their work. In Sec. II, however, the limitations in the approximation will be shown to be important when using single crystal piezoelectric materials that have an electromechanical coupling coefficient higher than 0.85, particularly when those materials are used to implement high power transducers with a wider bandwidth than is possible with PZT and other conventional piezoelectric materials.
The error in Martin is the claim that the approximation holds whenever the length of the individual ring in the stack is small compared to the wavelength, L ( k=2. The Appendix shows that it is the total length of the stack, rather than the length of the individual ring, that must be small. For a stack of p pieces, the correct requirement is that pL ( k=2. By itself, that is not a serious limitation, as most designers would expect the total stack length to be significantly less than a wavelength in all cases, in order to maintain a sufficient frequency separation from the first "higher mode" mechanical resonance within the stack. However, that situation needs to be re-examined in light of the significant bandwidth that may be available with high coupling coefficient piezoelectric materials.
The omission in the Martin reference is the recognition from Eqs. (A13) and (A14) in the Appendix that the computational error in the approximation is proportional to n 4 k 2 33 =ð1 À k 2 33 Þ. This means that the length constraint is relatively more important when either the electromechanical coupling coefficient k 33 approaches unity, or the number of stack segments n is large.
The effects of stack segmentation on transducer performance will be shown both analytically and with data from the transducer design shown in Fig. 1 . The effects are apparent in an analog transmission line model of the transducer within the limitations of accuracy of such a model. The effects have also been verified with a finite element model of the same transducer. All analysis methods that do not use the Martin approximation give correct predictions within accuracy of the other assumptions made in the model. However, developers using materials with high electromechanical coupling should be certain that their analysis code does not use this approximation. (The authors have verified that at least one early transducer analysis computer code 12 did use the Martin approximation by default, and suspect that the practice was common.)
Materials with high coupling enable transducer designs that cannot be achieved with older piezoelectric materials. 13, 14 The relevant point is that the design methods and design intuitions that have served well in the past may need to be revised to take full advantage of the properties of the new materials.
II. ANALYSIS
The initial calculations of the element performance use an analog circuit model with plane wave transmission lines to represent the mechanical properties of the piezoelectric stack. While the longitudinal models are not sufficiently accurate to fully describe the behavior of an actual transducer, they do clearly show the effects of segmentation and are a simpler framework for understanding the effects. A Finite Element Analysis (FEA) of the transducer is then used to include the three-dimensional effects and for comparison with the experimental hardware.
A. Analysis using a plane wave model
The initial calculations of the element performance use an analog plane wave model implemented in the SPICE 15, 16 computer code using methods that were first described by Leach. 17, 18 Each material piece in the transducer assembly is modeled as a mechanical transmission line with constant area. Electromechanical coupling in the piezoelectric material is modeled with controlled sources in SPICE in the manner described by Leach. 18 The interconnections of material pieces follow the conventions of analog circuits using the impedance analogy. The present work has been performed using the LTspice code, 19 although several other SPICE versions are known to be suitable. 20 The simplified transducer model is shown in Fig. 3 . This shows the interconnection of the mechanical pieces and the electrical terminals of the transducer in a schematic-like graphic. The eight piezoelectric rings at the center of the diagram are modeled individually using the Leach 18 implementation of the Redwood 4 analog circuit to avoid any possibility of errors described in the Appendix being included in this analysis. A thin insulator is placed at each end of the piezoelectric stack. The head and tail masses are connected to the insulators at opposite ends of the stack. The head mass is terminated with a radiation resistance whose value is qcA, where q is the density of the medium, c is the sound speed in the medium, and A is the radiating area. This is a reasonable approximation if the element is used in a large array. The radiation impedance is replaced by a short circuit when modeling the transducer in air. The back end of the tail has a zero force boundary condition, analogous to an electrical connection to zero potential.
For comparison, three other transducer designs were also analyzed, with the piezoelectric section segmented into four pieces, two pieces, and one piece as shown in Fig. 4 . In each case, the individual piece length in the model was adjusted so that the total length of the piezoelectric stack is the same as the length of the eight piece stack in the model of Fig. 3 . The electrical connection of the piezoelectric rings is in parallel. The rings are assembled with alternating polarization directions, so that they are all driven to expand and contract in phase. The mechanical connections between the parts are shown by a single line in the figure. Glue joints and electrodes are not included in the model. The added compliance of the glue joints would have a small effect on the frequencies of resonance and antiresonance, but prior experience including these effects indicates that they would be much smaller than the effects to be shown later in this section. A stress rod that is present in the transducer element is also not included in the model at this stage of the analysis. In the actual transducer, the stress rod adds very little stiffness to the assembly because it is attached with a highly compliant spring washer at the tail.
The analysis described above was performed using piezoelectric material parameters for PZT-4 ceramic, and again using material parameters appropriate for the high coupling PMN-PT single crystal material. Values for the material parameters for this analysis were taken from Sherman and Butler. 11 The dimensions of the piezoelectric pieces with the two materials were the same, and no attempt was made to compensate for the difference in resonance frequency caused by the different mechanical properties of the two materials. Note that the calculations described in this section are a purely analytical study, although a small part of it is verified by experimental results in Sec. III. Transducers using PZT were not built, as the authors believed that the analysis of PZT elements is well enough understood and verified. It was also not feasible to test all configurations of the PMN-PT elements within the constraints of this study. A more complete experimental verification of these analyses would be a useful future contribution.
The electrical admittance curves calculated from the analog model with air loading for the four PZT-4 ceramic stacks are shown in Fig. 5 . The 12 dB level difference between curves at low frequencies is caused by the different segmentation levels of the stack. There is a factor of 4 difference in stack impedance when the number of rings is doubled and the individual ring length is halved. For the first mode, the resonance frequencies and the antiresonance frequencies calculated for the four transducers each differ by less than 0.5%. In contrast, at the second resonance there is a noticeable difference in resonance frequency between the unsegmented case and all of the segmented cases, and the Q of the second resonance is somewhat decreased in the segmented stacks. It is interesting that most of the change in the frequency and Q of the second resonance mode occurs when the stack is divided into two segments. Further segmentation causes only a small additional change. However, this difference is small enough that it would likely not be recognized unless the segmented and unsegmented curves were compared in this way, and even if it were noticed, it would not be considered important. In PZT transducers, the second resonance is always far enough above the primary resonance that it has no noticeable impact on the performance in the primary band.
The reason that the second mode behavior is changed by segmentation while the first mode is not changed is related to the difference in vibration mode shapes for the two modes. Further discussion of these effects will be deferred until the results of the high coupling analysis are available.
The electrical admittance curves with air loading for the four PMN-PT single crystal stack configurations are shown in Fig. 6 . The 12 dB level difference between curves at low frequencies is again present due to the segmentation, for the reasons explained for Fig. 5 . The calculated frequencies for the first mode resonance of the four transducers do not vary significantly. However, the antiresonance frequencies differ noticeably, and the second mode resonance frequencies vary dramatically. All of the changes that were seen in Fig. 5 for the transducer with moderate coupling are exaggerated in the high coupling device. Again, the primary difference is between the unsegmented piece and the first of the segmented stacks. The reduction in the frequency of the second mode resonance with segmentation is quite noticeable. The resonance is now less than a third octave above the first mode antiresonance frequency. This difference may be considered important in some applications, as it may affect the operating bandwidth of the device. This will be seen below by looking at the Transmitting Voltage Response (TVR). To understand the effects that have been noted in the unloaded electrical admittance curves of Figs. 5 and 6 requires an understanding of the vibration mode shapes of the first two longitudinal modes. At the first mode, the head and tail move in opposite directions and there is a single displacement node at the transducer center of mass. The node position is near the middle of the second ring from the tail end of the stack. If the head and tail were truly rigid and their masses were both much greater than that of the stack, then the strain in the stack would be approximately constant through its length. In the transducers modeled, at the first resonance frequency the strain is nearly constant in the four rings nearest the tail and decreases to approximately half of this value in the ring at the head. For the PZT transducer, this statement is true for frequencies from below the first resonance to at least the first antiresonance frequency. In the PMN-PT transducer, it is true at and below the first resonance, but it does not remain true for higher frequencies. For example, for a frequency that is 5 kHz above resonance (approximately 30% higher frequency) the strain at the head end is approximately 10% of that at the node. However, the sign of the strain remains the same throughout the stack to the antiresonance frequency.
In the second longitudinal resonance mode, the motion of the head and tail are in the same direction, there are two displacement nodes within the stack, and the part of the stack between the nodes moves in opposition to the head and tail. The two nodes are (1) very near the tail end of the stack and (2) in the third ring from the head end. This means that for at least two of the rings, the externally applied electric field is in the opposite direction from the strain. For the unsegmented piece, the electrodes are far enough apart that they cannot maintain the constant D field in the material and the effective material compliance is approximately s E 33 . For the segmented stack, the electrode spacing is much closer, and the electric field distribution is a somewhat better match to the modal strain. In this case, the electrodes do approximately maintain a constant D condition, and the effective material compliance drops to approximately s D 33 . The resonance frequency of the second mode drops with segmentation due to this change in effective material compliance. The drop in the Q of the resonance is associated with the fact that the strain and electric field are not in phase for some rings, and there is an additional energy loss associated with this drive.
In fact, the language of the previous paragraph is somewhat imprecise, because the motion in the frequency range of the second peak and the second dip in the electrical admittance is not purely of the second mode. All modes are excited by the electrical drive and the motion is the sum of all of them. Methods to precisely drive a single mode have been described, for example by Aronov 21 and Sherman and Butler, 22 but those methods have not been used here. In all of the cases modeled, the electrical drive is not perfectly matched to a single mechanical mode of vibration.
The far field sound pressure level (SPL) for the element in an infinite rigid plane baffle can be calculated approximately as 23 SPL % 20 log 10 xqA 2pR jv h j ;
(1)
where A is the area of the head, and R is the measurement distance and v h is the radiating velocity of the head. Thus the approximate TVR for the element can be calculated from Eq. (1) with R ¼ 1 m, where the head velocity is calculated from the analog model using a 1 V drive signal. The TVR calculated in this manner with the radiation load of qcA (in mechanical units) for the four implementations of the transducer using PZT-4 are shown in Fig. 7 . The difference in the level of the TVR is due to the different electric field in the piezoelectric material. For this calculation, a unit voltage is applied to the element terminals, but the different amounts of stack segmentation cause the voltage to be applied across piezoelectric pieces of different dimension. The low frequency level difference of 6 dB between adjacent curves is expected because the piezoelectric piece length differs by a factor of 2.
Of course, the difference in the absolute frequencies of the resonance features in the admittance and the TVR is at least partly associated with the radiation impedance that is present in the calculation of the TVR and not present in the admittance calculation. Note, however, that the dip in the TVR that occurs near the frequency of the second resonance should not be at exactly that resonance frequency. Rather, because both of the modes are driven electrically, the dip occurs at the frequency where the two modes add to give a minimum velocity to the head.
The TVRs calculated in a similar manner with the radiation load of qcA for the four modeled implementations of the transducer using PMN-PT are shown in Fig. 8 . Again, the difference in the level of the TVR at low frequencies is due to the different electric field in the piezoelectric material. The dip in the TVR occurs at the frequency where the two modes add to give a minimum velocity to the head. Using nearly any measure of operating bandwidth, the bandwidth available with the high coupling material is less when the stack is segmented than with the unsegmented stack. However, note that the fractional bandwidth with high coupling material, even with the segmentation, is much higher than the fractional bandwidth using PZT. Using the same definition of bandwidth, the PZT transducer may operate from 20 to 35 kHz, while the PMN-PT transducer would operate from 10 to 30 kHz. The PMN-PT device has a significantly greater fractional bandwidth, as it operates a higher absolute bandwidth at a lower center frequency. Note that the lower frequency operation is achieved with no increase in size. However, it remains true that high coupling material without segmentation has an even greater bandwidth with a relatively flat TVR.
B. Analysis with FEA
The previous calculations were based on a onedimensional model to characterize the differences between moderate and high coupling materials with stack segmentation. However it does not model the fully realistic motion within the transducer that includes radial motion at least in the piezoelectric stack and the possibility of non-axially symmetric motions such as would occur with a flexural resonance in the head or other parts. The theory was extended to three-dimensional modeling using the ATILA finite element code.
The geometry created in the model matched the PMN-PT single crystal tonpilz element shown in Fig. 1 . The piezoelectric stack was modeled in two ways. In the first model, the eight rings had alternating polarity and were wired as shown in Fig. 4(a) . This condition is called the "parallel" connection because the rings are electrically connected in parallel. In the second model, the eight rings are polarized in the same direction and wired as shown in Fig. 4(d) . This condition is called the "series" connection, because the rings are electrically wired in series.
This series configuration of the stack is similar to the physical condition of a single piece, but not identical to it. A single piezoelectric piece, or a stack of rings with no metal electrodes in place, would allow the electric potential to vary axially at the electrode positions. With the metal electrodes in place, the potential is held constant across this electrode surface. However the calculated results of the FEA model matched the conditions with the conductors in place, so the conditions during measurement are properly modeled. Furthermore, the effect of the open electrodes in the stack is not expected to be significant. Section III uses this model for the calculations that are compared with measurements on a single transducer element of Fig. 1 .
The ATILA model assumed that a single element was mounted in a rigid baffle and radiated into the forward half space. A radiation load was modeled by a hemisphere of water with the outer boundary defined as non-reflecting. Dielectric and mechanical loss factors were defined for the piezoelectric crystal using tand ¼ 0:005 for the dielectric loss and Q m ¼ 100 for the mechanical loss. Glue joints were not included in the FEA analysis, so the resonances in the calculations are expected to be somewhat higher in frequency than the measured values. Finally, the system was modeled using fourfold symmetry in the circumferential direction. Results of the calculations are shown in Figs. 9 and 10 with the measured data for comparison. Those figures will be described in Sec. III.
III. VERIFICATION WITH MEASUREMENT
The measurements reported in this paper were made on a group of three prototype units of the element shown in Fig. 1 . The motor sections of these elements were initially built using traditional methods with eight rings stacked with alternating polarity separated with electrode shims as in Fig.  4(a) . The stacks were assembled using EPON 828 epoxy resin with brass electrodes 76 lm (0.003 in.) thick. After the initial measurements were completed, these elements were altered to connect the rings in series. This was accomplished by reverse polarizing the even rings in the stack thereby providing a continuous polarity direction for all of the rings. The electrode tabs were removed from the intermediate electrodes, and the electrical potential was applied across the stack as if it were one solid piece as shown in Fig. 4(d) . The parallel and series designations of these two configurations have the same meaning as described in Sec. II. Subsequent to these tests, a larger population (>100) of elements was built in the series arrangement. Their performance is generally similar to that shown below. Figures 9 and 10 show the comparison of the model and measured results obtained for the parallel and series stack arrangements. Figure 9 is the electrical impedance magnitude for the element in water, and Fig. 10 is the TVR. Note that the vertical scale difference between the parallel and series connections is a factor of 8 (18 dB) in the TVR and a factor of 64 in the impedance, as expected with the 8-ring segmented stack. The results show a small improvement of the effective electromechanical coupling coefficient in the series arrangement. Even more dramatic is the difference in the higher frequency response. In the parallel arrangement, resonances are observed in the electrical impedance near 40 kHz. However, in the series experiments the next resonance is not observed until 68 kHz (see Fig. 8 ). This is similar to the effect seen in Fig. 6 , although that figure does not include the effects of water loading on the response. A similar effect is seen in the TVR responses shown in Fig. 10 . Only minor differences are observed around the fundamental mode. However, a 24 kHz difference is observed in the location of the null in the TVR response.
The FEA model does not agree perfectly with the position of the second resonance in either the series or parallel configuration of the stack. Reasons for that difference include an imperfect knowledge of the piezoelectric parameters of the single crystal material, changes to the material parameters that occurred during the depolarization and repolarization to achieve the series connection, and the presence of glue joints in the transducer. The agreement with measurement is sufficient to understand that at least much of the performance difference is explained by the series vs parallel connection of the piezoelectric rings.
IV. CONCLUSIONS
This paper describes the effects of a segmented stack design on the performance of transducers built with high coupling single crystal piezoelectric materials and compares those effects to a transducer built with traditional PZT ceramics. Analog circuit models and finite element models predict the performance of the device and agree with measured data with reasonable accuracy. The models show the change in the effective electromechanical coupling coefficient of the complete transducer and the shifts in frequency of higher order modes when the stacks are systematically segmented into multiple pieces. Transducer designers using materials with high electromechanical coupling coefficient to meet requirements for the widest possible bandwidth should understand and consider these effects when developing designs using these materials.
With modern computer hardware and software capabilities, there is little need to use the Martin approximation for current designs. However, designers should be aware of the limitations of this approximation to avoid its use in older analysis codes and to avoid introducing its error into new analyses. Designers using high coupling piezoelectric materials must also guard against the previously safe intuitive understanding that stack segmentation has no effect on the mechanical behavior of a transducer employing a segmented stack. To the contrary, changes to the usual conventions of stack segmentation may provide interesting and useful modifications to the performance of transducers using high coupling piezoelectric materials.
APPENDIX
In Refs. 6 and 7 Martin develops the conclusion that a ring stack of p pieces each of length L can be modeled as a single element with length pL (see Fig. 11 ). In his derivations, Martin requires only that L ( k=2; e.g., that the length of each ring segment is much less than a half wavelength of vibrations in the piezoelectric material. This appendix will show that Martin's conclusion requires that the length constraint should be that the total stack length is small compared to the wavelength, pL ( k=2, and that high coupling coefficient materials and a large number of stack segments further increases the error in the approximation. These effects were shown in the body of the paper to be important when the electromechanical coupling coefficient of the piezoelectric material is higher than approximately 0.75.
The Martin derivation correctly arrives at the three-port model for a single piezoelectric ring as the analog circuit of Fig. 12 where
The equation for the impedance matrix described by this circuit is 
where F i and v i are the mechanical force and velocity at the two ends of the piece, and E and I are the voltage and current at the electrical terminals.
Martin consolidates the two components in the shunt branch of the mechanical domain to give the approximation shown in Fig. 13 where
Note that this is a low frequency approximation in which the wave speed has been reduced to account for the negative compliance present in the more accurate model of Fig. 12 . This is an approximation that holds only when L ( k=2. The impedance matrix for this approximation becomes (A10)
This model for the ring stack in Fig. 13 has the form usually ascribed to the 31-mode piece. One usually sees the negative compliance in 33-mode pieces, and the lack of the negative compliance is often taken as an implication that the 31-mode is being used. Martin's definition is unusual in that the negative compliance has been combined into the mechanical domain, whose material properties now depend on 
